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Introduction

T HE effect of interlaminar bonding imperfections on responses
of laminated/sandwich beams, plates, or shells has received

much attention recently. Most of the available works have em-
ployed various simplified beam, plate, or shell theories in which
certain assumptions on the elastic fields along the thickness direction
are introduced.1−5 More recently, we presented a three-dimensional
study of cross-ply laminated rectangular plates with imperfect in-
terfaces, based on the so-called state-space formulations.6 Through
comparison, it was shown that the accuracy of the extended zig-zag
plate theory1 would become worse with the increasing imperfec-
tions of interfaces. In addition, the prediction of interfacial imper-
fections of a practical structure from the plate theory, when com-
pared to the experimental results of deflection, will result in an
underestimated value. This is usually not favorable to the practi-
cal damaged structures. Thus, although there are many highly ac-
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curate simplified theories or numerical methods for perfect lami-
nated/sandwich beams,7−10 it seems necessary to develop exact so-
lutions that can be used as benchmarks for the analysis of imperfect
laminated/sandwich beams.

This Note presents an exact solution of simply supported cross-
ply laminated beams featuring interlaminar bonding imperfections
described by a spring-layer model.1−4 The analysis is similar to that
presented in our previous work,6 but the state-space formulations
are established based on the two-dimensional elasticity equations for
the plane-stress problem. The state-space approach is very effective
in analyzing laminated beams because the scale of the final solving
equations is independent of the number of layers. The numerical
results presented in this Note should provide a useful means of
comparison in the development of simplified theories for imperfect
laminated/sandwich beam structures.

State-Space Approach for Plane-Stress Problem
An N -layered cross-ply laminated beam is shown in Fig. 1. The

three-dimensional constitutive relations for a cross-ply laminate can
be found in Ref. 6, for example. For a beam structure, because the
width is very thin and the load along the width stays invariant, the
problem can be regarded as a plane-stress problem.11 In this case,
the nonzero stress components are σx , σz , and τxz only, which are
independent of y. Then we can derive the following two-dimensional
constitutive relations:

σx = C11
∂u

∂x
+ C13

∂w

∂z
, σz = C13

∂u

∂x
+ C33

∂w

∂z

τxz = C55

(
∂u
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+ ∂w

∂x

)
(1)

where u and w are the displacements in the x and z directions,
respectively, and Ci j are the reduced stiffness constants, which can
be expressed by the elastic constants ci j as

C11 = c11 − c2
12

/
c22, C13 = c13 − c12c23/c22

C33 = c33 − c2
23

/
c22, C55 = c55 (2)

From Eq. (1) and the equations of motion,11 the following state
equation12 can be obtained:
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Fig. 1 Geometry and coordinates of a laminated beam.
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where α = C11 − C2
13/C33. In addition, we have

σx = C13

C33
σz + α

∂u

∂x
(4)

For the simply supported boundary conditions, we can assume
that
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where ξ = x/L , ζ = z/h, m is an integer, and ω is the circular fre-
quency. The substitution of Eq. (5) into Eq. (3) yields

d

dζ
V(ζ ) = AV(ζ ) (6)

where V(ζ ) = [σ̄z(ζ ), ū(ζ ), w̄(ζ ), τ̄xz(ζ )]T and the constant coeffi-
cient matrix A can be easily derived (omitted here for brevity). The
solution to Eq. (6) can be easily obtained,6 from which the following
relation can be established:

V(k)

1 = MkV(k)

0 (7)

where V(k)

1 and V(k)

0 are the state vectors at the upper and lower
surfaces of the kth layer and Mk = eA(ζk − ζk − 1) is the transfer matrix
of that layer with ζk = zk/h.

If the imperfect interface is described by the general spring-layer
model,1,2 we obtain6
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1 (8)

where Pk is the interfacial transfer matrix

Pk =




1 0 0 0

0 1 0
C (1)

55

K (k)
x h

− C (1)

55

K (k)
z h

0 1 0

0 0 0 1




(9)

with K (k)

i being the bonding stiffness constants of the interface be-
tween the kth layer and (k + 1)th layer. The relation between state

Table 1 Simply supported laminated beam ([0/90/90/0 deg]) with uniform interfacial imperfection
under sinusoidal load

R [w(L/2, h/2)ET ]/q0h [u(0, 0)ET ]/q0h [σx (L/2, 0)]/q0 [τxz(0, h/2)]/q0

h/L = 0.25
0 −8.54838 −1.00096 19.6538 −1.45623
0.2 −9.78506 −1.09653 21.5303 −1.40861
0.4 −10.9424 −1.18597 23.2865 −1.36404
0.6 −12.0279 −1.26986 24.9336 −1.32223

h/L = 0.10
0 −103.749 −10.1243 79.5159 −4.02927
0.2 −113.293 −10.4495 82.0702 −4.00288
0.4 −122.713 −10.7705 84.5914 −3.97684
0.6 −132.011 −11.0874 87.0799 −3.95113

h/L = 0.05
0 −1089.29 −73.1069 287.090 −8.19843
0.2 −1128.89 −73.7916 289.779 −8.18451
0.4 −1168.35 −74.4740 292.459 −8.17063
0.6 −1207.68 −75.1540 295.129 −8.15680

vectors at the top and bottom surfaces of the laminated beam is
finally obtained from Eqs. (7) and (8) as

V(N )

1 =
(

2∏
k = N

MkPk − 1

)
M1V(1)

0 (10)

Having established the preceding relation, we can easily deal with
the bending and free vibration of a laminated beam, for which the
analysis is very similar to that presented in Ref. 6 and that is omitted
here for brevity.

Numerical Examples
For numerical calculation, it is assumed that each layer in-

volved in the N -layered laminated beam has the same thickness
and mass density. In addition, we assume that K (k)

z → ∞, that is,
only slip-type interfacial imperfections are considered.5 The fol-
lowing typical material properties are employed throughout this
Note:

EL/ET = 25, GLT /ET = 0.5

GT T /ET = 0.2, µLT = µT T = 0.25 (11)

where E is Young’s modulus, G is shear modulus, µ is Poisson’s ra-
tio, and subscripts L and T indicate, respectively, directions parallel
and perpendicular to the fibers.

First, consider the bending of a four-layered beam ([0/90/90/
0 deg], stacking sequence from top to bottom), subjected to a normal
sinusoidal pressure q = q0 sin(πξ) at the top surface. The calculated
results are given in Table 1, where a uniform imperfect bonding is
assumed, that is, R(k) = ET /[K (k)

x h] = R.
Note from Table 1 that the central deflection of the beam decreases

with the increasing R, indicating that the interfacial imperfections
will reduce the whole rigidity of the beam. The other variables shown
in Table 1 also seem to vary with R monotonously; however, this
will be different from point to point along the thickness direction.
For illustration, the through-thickness distributions of normalized
field variables for an asymmetric five-layered ([90/90/0/90/0 deg])
beam of h/L = 0.2 are given in Fig. 2. Nonuniform imperfections
are assumed with R(1) = R(3) = 0 and R(2) = 3R(4) = R.

As shown in Fig. 2, unlike the beam deflection w, the displace-
ment u and stresses τxz and σx all vary with R in a complicated
way. Also note from Fig. 2c that the bonding imperfections reduce
the transverse shear stress at the first and second interfaces. This
indicates that the introduction of weak interfaces can be a useful
means of preventing laminated beams from interlaminar shear fail-
ure. However, given that the rigidity of the beam decreases with
R as shown in Fig. 2b, engineers should make a careful and exact
evaluation of the effect of interfacial imperfections.
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Table 2 Lowest 10 frequency parameters ω0 =ωh
√

(ρ/ET) of a simply supported laminated
beam with nonuniform interfacial imperfections (h/L = 0.1, [0/90/0/0/90 deg])

Order R = 0 R = 0.3 R = 0.6 R = 0.9 RE, %a

m = 1
1 0.0831525 0.0783998 0.0744920 0.0712077 14.36
2 1.20747 1.18895 1.16928 1.14857 4.88
3 2.16159 1.90554 1.74302 1.62897 24.64
4 3.16008 3.07005 2.79472 2.58585 18.17
5 3.62931 3.22634 3.18665 3.18136 12.34
6 5.50630 4.54124 3.89396 3.46330 37.10
7 6.39513 6.05482 5.26247 4.71476 26.28
8 7.29488 6.38877 6.38541 6.38405 12.49
9 9.37893 8.45264 7.95006 7.69748 17.93
10 9.54125 9.28972 8.58563 8.20946 13.96

m = 2
1 0.242910 0.219098 0.202498 0.190112 21.74
2 2.20588 2.02642 1.87061 1.74325 20.97
3 2.85496 2.61117 2.43824 2.29784 19.51
4 3.18242 3.17447 3.17102 3.16850 0.44
5 4.27129 3.96476 3.78270 3.66540 14.19
6 5.80075 4.95617 4.41315 4.08531 29.57
7 6.44563 6.36662 5.81370 5.36733 16.73
8 7.54524 6.50699 6.39770 6.38965 15.32
9 9.53048 8.53698 8.00206 7.73587 18.83
10 9.56825 9.38671 8.64412 8.24966 13.78

aRelative error = (ω0|R = 0 − ω0|R = 0.9)/ω
0|R = 0.

a) u(0, z)ET /(q0h)

b) w(L/2, z)ET /(q0h)

c) τxz(0, z)/q0

d) σx(L/2, z)/q0

Fig. 2 Distributions of normalized field variables along the thickness direction.

The first 10 lowest frequency parameters ω0 = ωh
√

(ρ/ET ) are
given in Table 2 for a simply supported five-layered ([0/90/0/0/
90 deg]) beam of h/L = 0.1. Nonuniform imperfections are as-
sumed, that is, R(1) = 2R(2) = R(3) = R(4) = R. The reduction of
rigidity of the beam with imperfect bonding is again verified by the
results given in Table 2. The relative errors of frequency between
the perfect beam and the imperfect beam with R = 0.9 are also cal-
culated. Note that the reduction of frequency due to the bonding
imperfections significantly depends on the frequency order. Thus,
to improve the accuracy of health diagnosis of a laminated beam
with interfacial imperfections, one should take into consideration a

proper mode, of which the frequency is very sensitive to the bonding
imperfections.

Conclusions
The two-dimensional state-space formulations are constructed for

a simply supported cross-ply laminated beam featuring interlami-
nar bonding imperfections. No simplifying assumptions regarding
the distributions of displacements or stresses along the thickness
direction are introduced. Hence, the results presented in this Note
should be useful for clarifying various beam theories or numerical
methods.
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If the buckling problem is considered, the following state equation
can be derived from the basic equations
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where p is the uniform compressive load applied at the two ends
along the axial direction and

u0
,x = − C33 p

C11C33 − C2
13

, w0
,z = C13 p

C11C33 − C2
13

(13)

are the normal strains in the prebuckling state. The buckling anal-
ysis for the nondebonded imperfect beams is then similar to that
presented earlier for the free-vibration problem. In the case of a
generally debonded beam, an exact buckling solution cannot be
obtained and approximate treatments should be employed. How-
ever, if the beam is with through-length delamination at the kth
interface, for example, an exact solution can be obtained, just as
it can for the nondebonded imperfect beam, but with K (k)

x = 0 and
K (k)

z = 0.
Finally, note that we have taken K (k)

z → ∞ in the numerical results
to avoid the possibility of material penetration phenomenon.1,2 In
practice, if K (k)

z is finite, then the lower surface of the (k + 1)th layer
and the upper surface of the kth layer may be in contact, especially
in a vibrating beam, making the problem nonlinear. In this case, it
is generally impossible to derive the exact elasticity solution.
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Introduction

M ANY studies concerned with the postbuckling behavior
of cylindrical shells have been published in the past four

decades. These studies were motivated by the fact that the behav-
ior of cylindrical shells under buckling is characterized by the limit
point rather than by the bifurcation point. Accordingly, the behavior
is sensitive to initial imperfection; thus, a specific parameter in the
relevant reduction factor, namely, the knockdown factor, acquires
extreme importance. The factor is closely dependent on the post-
buckling characteristic behavior.

When the behavior of structures characterized by the limit point
is investigated, two main formulations exist:

The first is the quantitative approach, which consists in tracing
the entire nonlinear equilibrium paths with emphasis on the level
and direction of change of the stiffness during loading, as was done,
for example, by Sheinman and Simitses1 and Simitses et al.2 (also
the review paper of Simitses3). Under this approach, the complete
nonlinear behavior is realized for a given imperfection shape and
amplitude. It is extremely complicated and entails a heavy computa-
tional effort, and worst of all, it cannot cover all cases because each
new configuration (of the geometry and/or of the imperfection) has
to be reanalyzed from the beginning.

The second formulation is the qualitative approach, which con-
sists in the parametric study of the shell in terms of its sensitivity to
imperfection and its rating according to the postbuckling stiffness
ratio, given by the initial change of stiffness slopes right at the bi-
furcation point. Koiter4 was the first to show that the imperfection
sensitivity of a structure is closely related to its initial postbuckling
behavior, identified by the so-called Koiter b parameter. This was
established in many well-known research works, for example, see
Arbocz and Hol,5 Budiansky,6 and the review papers of Hutchinson
and Koiter7 and of Simitses.3

Most of the research concerning cylindrical shells used the sim-
plest Donnell-type theory.8 Comparison of different shell theories

Received 9 May 2003; revision received 21 July 2003; accepted for pub-
lication 1 October 2003. Copyright c© 2003 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0001-1452/04 $10.00 in
correspondence with the CCC.

∗Professor, Faculty of Civil Engineering.
†Ph.D. Student, Faculty of Civil Engineering; currently Postdoctoral

Fellow, Faculty of Aerospace Engineering, Delft University of Technology,
P.O. Box 5058, 2600 GB Delft, The Netherlands.


